BRITISH STANDARD 


Quantities and units 


Part 2: Mathematical signs and 
symbols to be used in the natural 
sciences and technology 


ICS 01.060 


NO COPYING WITHOUT BSI PERMISSION EXCEPT AS PERMITTED BY COPYRIGHT LAW 
a __~ —____— —___ 


BS ISO 
80000-2:2009 


> 


British Standards 


BS ISO 80000-2:2009 


National foreword 


This British Standard is the UK implementation of ISO 80000-2:2009. It 
supersedes BS ISO 31-11:1992 which is withdrawn. 


The UK participation in its preparation was entrusted to Technical 
Committee SS/7, General metrology, quantities, units and symbols. 


A list of organizations represented on this committee can be obtained on 
request to its secretary. 


This publication does not purport to include all the necessary provisions 
of a contract. Users are responsible for its correct application. 


Compliance with a British Standard cannot confer immunity 
from legal obligations. 


This British Standard Amendments/corrigenda issued since publication 
was published under the 


authority of the Standards 


Policy and Strategy Date Comments 
Committee on 31 January 
2010 


© BSI 2010 


ISBN 978 0 580 54864 2 


BS ISO 80000-2:2009 


INTERNATIONAL ISO 
STANDARD 80000-2 


First edition 
2009-12-01 


Quantities and units — 


Part 2: 

Mathematical signs and symbols to be 
used in the natural sciences and 
technology 


Grandeurs et unités — 


Partie 2: Signes et symboles mathématiques a employer dans les 
sciences de la nature et dans la technique 


Reference number 
ISO 80000-2:2009(E) 


© 1SO 2009 


BS ISO 80000-2:2009 
ISO 80000-2:2009(E) 


PDF disclaimer 


This PDF file may contain embedded typefaces. In accordance with Adobe's licensing policy, this file may be printed or viewed but 
shall not be edited unless the typefaces which are embedded are licensed to and installed on the computer performing the editing. In 
downloading this file, parties accept therein the responsibility of not infringing Adobe's licensing policy. The ISO Central Secretariat 
accepts no liability in this area. 


Adobe is a trademark of Adobe Systems Incorporated. 


Details of the software products used to create this PDF file can be found in the General Info relative to the file; the PDF-creation 
parameters were optimized for printing. Every care has been taken to ensure that the file is suitable for use by ISO member bodies. In 
the unlikely event that a problem relating to it is found, please inform the Central Secretariat at the address given below. 


COPYRIGHT PROTECTED DOCUMENT 


© ISO 2009 


All rights reserved. Unless otherwise specified, no part of this publication may be reproduced or utilized in any form or by any means, 
electronic or mechanical, including photocopying and microfilm, without permission in writing from either ISO at the address below or 
ISO's member body in the country of the requester. 

ISO copyright office 

Case postale 56 e CH-1211 Geneva 20 

Tel. + 41 22 749 01 11 

Fax + 41 22 749 09 47 

E-mail copyright@iso.org 

Web www.iso.org 
Published in Switzerland 


ii © ISO 2009 — All rights reserved 


BS ISO 80000-2:2009 
ISO 80000-2:2009(E) 


Contents Page 
FOTO WOOP cere ce cste cee cased cs sateeegescebete uteevapesstcebeustucvechssteencessiebestentccdecstuevbenteleeveedtlcbesdusucedSustutvevsudelcvastentecvevetectusnentecs iv 
DEAE OCCU Mies sae ied fa Sec cpa ce eg deere salen Seep ned pace cts phar ex Se ponies eee eues suavct dy bey ney suueee sy Fuey eyes puaby eye sauetn sy Suey eyed geaeeeeneter ey vi 
1 SCONE ois esi cectee cect yds se cbede ch otha tabi sunneesveshu ae comebe ss chet anteecnertevenstcecuneys gu enlbowecn cilextuvunatdetiueceyveas esas cescaeenderdenast 1 
2 Normative references ..:-2.ccisicvceedecadeeceidccceeescedetevst ccdeedacatet cvsccutecwscedeesucedtesusecdueedacaucesvsccuterasvacuueedecateereies 1 
3 Variables, FUNCTIONS, ANd OPELAatOSS .........cccccceceeeeeeeeeeeeeeeeeeeeeeeeneeeneeeeseeeeseseseseseseseseseseseeeeeseseessasananans 1 
4 Mathematical lOQiC iiccciccccvesccce ccc tceccesstece teat ctet vent ects eens cete eeenceceeentecedeeteceteestecte eesscdteeeesceeresersecdeeeveceeriense 3 
5 IOUS an Seren evaties Seed eae ae tired Seca fo datas Socchs faa Sires Do eeevns sh cneas Seltcetada Dy tural Ob even de eye wnssuanl vanes atevesdenswys seoneekstonsei 4 
6 Standard number Sets and interval .........ccccceceseeeeeeeeeeeeeeee seen eeeeeeeneeeeeeenseeeeeenseeeeeeeseseeeseaseeesessseeseenens 6 
7 Miscellaneous SIGNS ANd SYMDOIS ..........ccecceeeeeeeeeeeeeeeeeeeen seen eeeeeeeeeeeeeeeeseaeeeeaseaeeeeaseeneesaseeneeeaseeneeeeenees 8 
8 Elementary QeOmMe try ii. ccvcieccicesccecceceseesceesenctcessneeceeesecceeessneeeeeestencessenseceeesanceeeestncceeessseceecesenseareedeseerees 10 
9 Operations 2: cveceie ects cee este besde tea) cc eee eae ee dene es tech ce eer ea we nea de eaves cases cuenta te eeaecdde eee cavers 11 
10 COMDINACONICS a iss cscciccecndet Steeda den caden du desdeeceensdlveneadet chensdue teneaden sua sdevevesalet sduestunceeeadén suds sided ouestuvdesendeeses 14 
11 FUMCUONS? ooicdeece recce ced sastcedtesicceceductacecvetesceeeseteceestaceucesactecieverceccessctaeersuaccuesubacacessatect eanstvscecedaavene cave cesses 15 
12 Exponential and logarithmic FUNCTIONS .........ccseceeeeeeeeee ee eeeeeeeeeeeeeeeeeeeeeenseeeeeenseeeeeenseseeeseseeneeenseeeeneees 18 
13 Circular and hyperbolic FUNCTIONS .........cccceseeeeeeeseeeeeseeeeeeeeeeeeeeeeneesnseseeeseseseeeseseseeesesesneesesesneeeeseseeneees 19 
14 Gomplex: Numbers iicccis cevecieet de cevees cecuewes Se uectesneteieeadececees seeuseeadeueetssaveshued couevnns se aunacecneneedevswavevesbenieasdeiys 21 
15 MatriCes i cicticssetcccccactiee tect eta cece tac cece ected nce even cece ee sched es eccetigs eects veccotn cde aseetieasset xecetteeas 22 
16 Coordinate SyStemis 3. cc cec.cscscececcsedcvegcscccadiasececesscieeedzaeececedssactagvavececusssieetussueacdedsscuengsssategsvesnectngesdecetss 24 
17 Scalars; Vectors, ANd LENSOLS sizes seiiiiabevvcceesseteducdaveccvessdvedduscucdesusivevsuscuvuasudeatvasansiddddongevdananttesueabiavieds 26 
18 Ten SP OMIM ines sae ccs cee eee sa Sen See eed dace tice Pee neta seni ne Ph ce nus sec ey pees wake ves exe puoeenig Suen nies genie deca s Suet wit peaeency Here 30 
19 SPSClal TUNGCIONS wilco cadet benntsetdecceeecatntes Ries Gevedunatee Maes Gevessauten cddes devevadeneecluesdewevsdateuNccesdeusetvasduccenetieetes 31 
Annex A (normative) Clarification of the SyMbOIS USEC ..........:ccceseeeeeeeeeeeeeeeeeeeeeeneeeenseeeeeeeseeneeseseseeeenesseenens 36 
BiD iO GFAP AY soe wiesecess xcs tees eee cepe ct cest etecese ce cts stcteeaein cuceie cet enpe ceeecese eda ct ebeneecens cuaeeuvianerestbectnerstnianteesserrnnneees nest 40 


© ISO 2009 — All rights reserved iii 


BS ISO 80000-2:2009 
ISO 80000-2:2009(E) 


Foreword 


ISO (the International Organization for Standardization) is a worldwide federation of national standards bodies 
(ISO member bodies). The work of preparing International Standards is normally carried out through ISO 
technical committees. Each member body interested in a subject for which a technical committee has been 
established has the right to be represented on that committee. International organizations, governmental and 
non-governmental, in liaison with ISO, also take part in the work. ISO collaborates closely with the 
International Electrotechnical Commission (IEC) on all matters of electrotechnical standardization. 
International Standards are drafted in accordance with the rules given in the ISO/IEC Directives, Part 2. 

The main task of technical committees is to prepare International Standards. Draft International Standards 
adopted by the technical committees are circulated to the member bodies for voting. Publication as an 
International Standard requires approval by at least 75 % of the member bodies casting a vote. 


Attention is drawn to the possibility that some of the elements of this document may be the subject of patent 
rights. ISO shall not be held responsible for identifying any or all such patent rights. 


ISO 80000-2 was prepared by Technical Committee ISO/TC 12, Quantities and units, in collaboration with 
IEC/TC 25, Quantities and units. 


This first edition cancels and replaces ISO 31-11:1992, which has been technically revised. The major 
technical changes from the previous standard are the following: 


— Four clauses have been added, i.e. “Standard number sets and intervals’, “Elementary geometry’, 
“Combinatorics” and “Transforms”. 


ISO 80000 consists of the following parts, under the general title Quantities and units: 
— Part 1: General 

— Part 2: Mathematical signs and symbols to be used in the natural sciences and technology’) 
— Part 3: Space and time 

— Part 4: Mechanics 

— Part 5: Thermodynamics 

— Part 7: Light 

— Part 8: Acoustics 

— Part 9: Physical chemistry and molecular physics 

— Part 10: Atomic and nuclear physics 

— Part 11: Characteristic numbers 


— Part 12: Solid state physics 


1) Title to be shortened to read “Mathematics” in the second edition of ISO 80000-2. 
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IEC 80000 consists of the following parts, under the general title Quantities and units: 


— Part 6: Electromagnetism 
— Part 13: Information science and technology 


— Part 14: Telebiometrics related to human physiology 


© ISO 2009 — All rights reserved 


BS ISO 80000-2:2009 
ISO 80000-2:2009(E) 


Introduction 


Arrangement of the tables 


The first column “Item No.” of the tables contains the number of the item, followed by either the number of the 
corresponding item in ISO 31-11 in parentheses, or a dash when the item in question did not appear in 
ISO 31-11. 


The second column “Sign, symbol, expression” gives the sign or symbol under consideration, usually in the 
context of a typical expression. If more than one sign, symbol or expression is given for the same item, they 


are on an equal footing. In some cases, e.g. for exponentiation, there is only a typical expression and no 
symbol. 


The third column “Meaning, verbal equivalent” gives a hint on the meaning or how the expression may be read. 
This is for the identification of the concept and is not intended to be a complete mathematical definition. 


The fourth column “Remarks and examples” gives further information. Definitions are given if they are short 
enough to fit into the column. Definitions need not be mathematically complete. 


The arrangement of the table in Clause 16 “Coordinate systems” is somewhat different. 
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Quantities and units — 


Part 2: 
Mathematical signs and symbols to be used in the natural 
sciences and technology 


1 Scope 


ISO 80000-2 gives general information about mathematical signs and symbols, their meanings, verbal 
equivalents and applications. 


The recommendations in ISO 80000-2 are intended mainly for use in the natural sciences and technology, but 
also apply to other areas where mathematics is used. 


2 Normative references 


The following referenced documents are indispensable for the application of this document. For dated 
references, only the edition cited applies. For undated references, the latest edition of the referenced 
document (including any amendments) applies. 


ISO 80000-1:—2) , Quantities and units — Part 1: General 


3 Variables, functions and operators 


Variables such as x, y, etc., and running numbers, such as i in &, x; are printed in italic (sloping) type. 
Parameters, such as a, b, etc., which may be considered as constant in a particular context, are printed in 
italic (sloping) type. The same applies to functions in general, e.g. f; g. 


An explicitly defined function not depending on the context is, however, printed in Roman (upright) type, e.g. 
sin, exp, In, '. Mathematical constants, the values of which never change, are printed in Roman (upright) type, 
e.g. €=2,718 218 8...; m= 3,141 592...; i2 =-—1. Well-defined operators are also printed in Roman (upright) 
style, e.g. div, 6 in dx and each d in dffdx. 


Numbers expressed in the form of digits are always printed in Roman (upright) style, e.g. 351 204; 1,32; 7/8. 


The argument of a function is written in parentheses after the symbol for the function, without a space 
between the symbol for the function and the first parenthesis, e.g. f(x), cos(at+ @). If the symbol for the 
function consists of two or more letters and the argument contains no operation symbol, such as +, —, x, - or/, 
the parentheses around the argument may be omitted. In these cases, there should be a thin space between 
the symbol for the function and the argument, e.g. int 2,4; sin nn; arcosh 24; Ei x. 


If there is any risk of confusion, parentheses should always be inserted. For example, write cos(x) + y; do not 
write cos x + y, which could be mistaken for cos(x + y). 


2) To be published. (Revision of ISO 31-0:1992) 
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A comma, semicolon or other appropriate symbol can be used as a separator between numbers or 
expressions. The comma is generally preferred, except when numbers with a decimal comma are used. 


If an expression or equation must be split into two or more lines, one of the following methods shall be used. 


a) Place the line breaks immediately after one of the symbols =, +, —, + or +, or, if necessary, immediately 
after one of the symbols x, -, or /. In this case, the symbol indicates that the expression continues on the 
next line or next page. 


b) Place the line breaks immediately before one of the symbols =, +, —, + or +, or, if necessary, immediately 
before one of the symbols x, -, or /. In this case, the symbol indicates that the expression is a continuation 
of the previous line or page. 


The symbol shall not be given twice around the line break; two minus signs could for example give rise to sign 
errors. Only one of these methods should be used in one document. If possible, the line break should not be 
inside of an expression in parentheses. 


It is customary to use different sorts of letters for different sorts of entities. This makes formulas more readable 


and helps in setting up an appropriate context. There are no strict rules for the use of letter fonts which should, 
however, be explained if necessary. 
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4 Mathematical logic 


Ke Sign, symbol, Meaning, verbal equivalent | Remarks and examples and | Remarks and examples 
expression 

2-4.1 conjunction of p and q, 

(11-3.1) pandq 


disjunction of p and q, This “or” is inclusive, i.e. 


pV qis true, if either p or qg, or both are 
true. 


2-4.3 negation of p, 
(11-3.3) nee 
q <= phas the same meaning as p = gq. 


=> is the implication symbol. 


p is equivalent to q¢ A (q = p) has the same meaning as 


= is the equivalence symbol. 
for every x belonging to A, the If it is clear from the context which set A is 


proposition p(x) is true being considered, the notation Vx p(x) can 
be used. 


V is the universal quantifier. 


For x € A, see 2-5.1. 
there exists an x belonging to 4 If it is clear from the context which set 4 is 


for which p(x) is true being considered, the notation 4x p(x) can 
be used. 


J is the existential quantifier. 


For x € A, see 2-5.1. 


41x p(x) is used to indicate that there is 
exactly one element for which p(x) is true. 


4! is also used for 31. 
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5 Sets 


tem No, Sign, symbol, Meaning, verbal equivalent 
expression 


| Remarks and examples | and | Remarks and examples | 


25.1 x€A x belongs to 4, A >xhas the same meaning as x € A. 
(11-4.1) x is an element of the set 4 

2-5.2 y¢ y does not belong to 4, A Py has the same meaning as y ¢ A. 
(11-4.2) yisnotan element of the set4 | The negating stroke may also be vertical. 


2-5.3 {x4, XQ, set with elements x,, x9, . 
(11-4.5) 


set of those elements of 4 for 
which the proposition p(x) is 
true 


number of elements in 4, 
cardinality of A 


B is included in A, 
B is a subset of A 


B is properly included in 4, 
Bis a proper subset of 4 


union of A and B 


intersection of A and B 


union of the sets 44, A», ..., A 


n 


intersection of the sets 4), ..., 4, 


Also {x;| i € 3, where J denotes a set of 
subscripts. 


EXAMPLE {x € R| x < 5} 

If it is clear from the context which set 4 is being 
considered, the notation {x | p(x)} can be used 
(for example {x | x < 5}, if it is clear that x isa 
variable for real numbers). 


The cardinality can be a transfinite number. 
See also 2-9.16. 


Every element of B belongs to A. 
C is also used, but see remark to 2-5.8. 


A 2 Bhas the same meaning as B € 4. 


Every element of B belongs to 4, but at 
least one element of A does not belong 
to B. 


If c is used for 2-5.7, then ¢ shall be used 
for 2-5.8. 


AD Bhas the same meaning as B C A. 


The set of elements which belong to A or 
to B or to both 4 and B. 


AUB={x|xEAVxEB} 


The set of elements which belong to both 4 
and B. 


ANB={x|xEAAxE€ B} 


The set of elements belonging to at least 
one of the sets 44, Ao, ..., A, 


Un -U ard U,., 


iel 
where J denotes a set of subscripts. 


are also used, 


The set of elements belonging to all sets 
Ay, Ag, 1 Ay 


Vea A mt es 


iel 
where J denotes a set of subscripts. 


are also used, 
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Sign, symbol P ; 
ibis lanai Meaning, verbal equivalent Remarks and examples 
expression 


difference of A and B, The set of elements which belong to 4 but 
Aminus B not to B. 
A\B=Qx|xECAAx€B 
A—B should not be used. 


C ,B is also used. C, B is mainly used 
when B is a subset of A, and the symbol 4 
may be omitted if it is clear from the 
context which set 4 is being considered. 
ordered pair a, b, (a, b) =(c, d) if and only if a=c and b=d. 


couple a, b If the comma can be mistaken as the 
decimal he then the semicolon (;) or a 
stroke (|) may be used as separator. 


2-5.15 (a4, a9, . ordered n-tuple See remark to 2-5.14. 
(11-4.31) 


Cartesian product of the sets 4 The set of ordered pairs (a, b) such that 
and B ac Aandbes. 


Ax B={(x,y)|x EC AAV E B} 


Cartesian product of the sets The set of ordered n-tuples (x4, Xo, ..., X,) 
Ay, Ao, ..., A, such that x, € A, x5 © Ao, ..., x, © A). 


AxAx...x A is denoted by A”, where n is 
the number of factors in the product. 


identity relation on A, id , is the set of all pairs (x, x) where x € A. 


diagonal of A x A If the set 4 is clear from the context, the 
subscript 4 can be omitted. 
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6 Standard number sets and intervals 


tem No, Sign, symbol, Meaning, verbal equivalent Remarks and examples 
expression 
} 


2-6.1 the set of natural numbers, N= {0, 1, 2, 3,... 
(11.4.9) the set of positive integers and N* = {1, 2, 3, ...} 
came Other restrictions can be indicated in an 
obvious way, as shown below. 
No.5 = {n © N|[n>5} 

The symbols N and N are also used. 


2-6.2 
(11.4.10) 


the set of integers Z={...,-2,-1, 0,1, 2, ...} 


Z*={n €Z|n + 0} 


Other restrictions can be indicated in an 
obvious way, as shown below. 


Z. 3={n €Z|n>-3} 

The symbol Z is also used. 
2-6.3 
(11.4.11) 


the set of rational numbers Q*={ © Q|r +0} 


Other restrictions can be indicated in an 
obvious way, as shown below. 


Q.o={f € Q|r< 0} 


The symbols @ and Q are also used. 


2-6.5 
(11.4.13) 
( 
( 


2-6.6 
2-6.7 
2-6.8 (a, 5] 
2-6.9 [a, 5) right half-open interval from a [a,b)=~ER|a<x<b} 
ai | ewe oR The notation [a, b[ is also used. 
-6. ) 
.4.17) 
6.11 
) 


( 
( 
2-6.10 (a, b open interval from a excluded to b (a, b)={¢ ER] a<x<b} 
(11.4.17 excluded 
The notation Ja, b[ is also used. 

2- (—co, b] closed unbounded interval up to b | (-co, b] = {x € R| x < 5} 

included 
oe The notation ]—c°, 5] is also used. 
6 © ISO 2009 — All rights reserved 


the set of complex numbers C*={2€C|z +0} 


The symbols C and C are also used. 
the set of prime numbers P={2, 3,5, 7, 11, 13, 17, ...} 
The symbols P and P are also used. 
closed interval from a included [a, b}={ ER] a<x<b} 
to b included 


left half-open interval from a (a, bJ={xE Rl a<x<hb} 
excluded to b included 


2-6.4 the set of real numbers R*=( ER|x +0} 

(11.4.12) Other restrictions can be indicated in an 
obvious way, as shown below. 
Ryo = {* © R|x > 0} 
The symbols R and R are also used. 


The notation Ja, 5] is also used. 
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a Sign, symbol, Meaning, verbal equivalent Remarks and examples 
expression 
2-6.12 (—co, b) open unbounded interval up to 5 (00, b) = {4 ER | x<b} 
excluded 
The notation J---, b[ is also used. 


closed unbounded interval [a, to) ={x ER] a <x} 


onward from a included 
The notations [a, © [, [a, tee [ and [a, °°) are 
also used. 


open unbounded interval onward 


oo)=( ER 
from a excluded (a, +e0) = {x |a <x} 


The notations Ja, +c[, Ja, - [ and (a, ~) are 
also used. 
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7 Miscellaneous signs and symbols 


tem No. Sign, symbol, Meaning, verbal equivalent Remarks and examples 
expression 
a=b 


2-7.4 The symbol = may be used to emphasize 
(11-5.1) that a particular equality is an identity. 


See also 2-7.18. 


2-7.2 teh, a is not equal to b The negating stroke may also be vertical. 
(11-5.2) 
: a:=b 


2-7.3 a is by definition equal to b EXAMPLE 


(11-5.3) p :=mv, where p is momentum, m is mass and v 
is velocity. 


a is equal to b 


The symbols =ger and “ are also used. 
a corresponds to 6 EXAMPLES 
When E = kT, then 1 eV 4 11 604,5K 


When 1 cm on a map corresponds to a length of 
10 km, one may write 1 cm A 10 km. 


The correspondence is not symmetric. 


a is approximately equal to b It depends on the user whether an 
approximation is sufficiently good. Equality 
is not excluded. 


a is asymptotically equal to b EXAMPLE 


Joss d aSx—-a 
sinx-a) x-a 


(For x > a, see 2-7.16.) 
a is proportional to 6 The symbol ~ is also used for equivalence 
relations. 
The notation a « bis also used. 
M is congruent to N, Mand N are point sets (geometrical 


Mis isomorphic to N figures). 


This symbol is also used for isomorphisms 
of mathematical structures. 


a<b 
a 


b> 


2-7.11 a<b a is less than or equal to b 

(11-5.9) 

2-7.12 b>a b is greater than or equal to a 

(11-5.10) 

2-7.13 a is much less than 5 It depends on the user whether a is 
(11-5.11) sufficiently small as compared to b. 
2-7.14 b is much greater than a It depends on the user whether b is 
(11-5.12) sufficiently great as compared to a. 
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tem no Sign, symbol, Meaning, verbal equivalent Remarks and examples 
expression 
infinity This symbol does not denote a number but 

is often part of various expressions dealing 
with limits. 
The notations +00, -co are also used. 

xa x tends toa This symbol occurs as part of various 
expressions dealing with limits. 
a may be also oo, +00, or -o0. 


2-7.17 min m divides n For integers m and n: 
(—) Ake Zmk=n 


nis congruent to & modulo m For integers n, A and m: 
m| (n — k) 


See also 2-7.1. 


parentheses It is recommended to use only parentheses 
for grouping, since brackets and braces 
often have a specific meaning in particular 
fields. Parentheses can be nested without 
angle brackets ambiguity. 


n=kmodm 


square brackets 
braces 
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8 Elementary geometry 


ign, symbol, 
Sign, sy Meaning, verbal equivalent Remarks and examples 
expression 


10 


the straight line AB is parallel to 
the straight line CD 


the straight line AB is 
perpendicular to the straight 
line CD 


angle at vertex B in the triangle 
ABC 


vector from A to B 


It is written g || h if g and h are the straight 
lines determined by the points A and B, 
and the points C and D, respectively. 


AB//CD is also used. 


It is written g L hif g and h are the straight 
lines determined by the points A and B, 
and the points C and D, respectively. Ina 
plane, the straight lines must intersect. 


The angle is not oriented, it holds that 
<ABC = xCBA and 


< xABC < mrad. 


If AB= CD then B, seen from A, is in the 
same direction and distance as D is, seen 
from C. It does not follow that A = C and 
B=D. 


distance between points A and B |The distance is the length of the line 


segment AB and also the magnitude of the 


as 
vector AB. 
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9 Operations 


tem no Sign, symbol, Meaning, verbal equivalent | Remarks and examples and | Remarks and examples 
expression 

2-9.1 a+b a plus b This operation is named addition. The 
(11-6.1) symbol + is the addition symbol. 

2-9.2 a minus b This operation is named subtraction. The 
(11-6.2) symbol — is the subtraction symbol. 

2-9.3 a plus or minus b This is a combination of two values into 
(11-6.3) one expression. 

2-9.4 ae a minus or plus 5 -(a+b)=-a¥b 
(11-6. 4) 

‘ a-b 


2-9.5 a multiplied by 5, This operation is named multiplication. The 
(11-6.5) a times b symbol for multiplication is a half-high dot 
(-) or a cross (x). 


Either may be omitted if no 
misunderstanding is possible. 


See also 2-5.16, 2-5.17, 2-17.11, 2-17.12, 
2-17.23 and 2-17.24 for the use of the dot 
and cross in various products. 


a divided by b Boon 5 
b 
See also ISO 80000-1:—, 7.1.3. 
For ratios, the symbol : is also used. 
EXAMPLE The ratio of height / to breadth b 
of an A4 sheetish:b= V2. 
The symbol + should not be used. 


The notations Dae a 4 and 
i 


5a, are also used. 


. n 
The notations [L_« ; [la : [L« and 
i 
[ [4 are also used. 


a to the power p The verbal equivalent of a2 is 
a squared; the verbal equivalent of a? is a 
cubed. 


a to the power 1/2, Ifa>0, then Ja > 0 
square root of a 


product of ay, do, ..., a, 


The symbol va should be avoided. 
See remark to 2-9.11. 


a to the power 1/n, Ifa > 0, then “/a>0 


th root of 
aoe ele The symbol ”Va should be avoided. 


If the symbol “V or V acts on a composite 
expression, parentheses shall be used to 
avoid ambiguity. 
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Sign, symbol, 
gn; sy Meaning, verbal equivalent Remarks and examples 
expression 


- | 


mean value of x, 
arithmetic mean of x 


Mean values obtained by other methods 
are the 


- harmonic mean denoted by subscript h, 
- geometric mean denoted by subscript g, 
- quadratic mean, often called “root mean 
square”, denoted by subscript q or rms. 


The subscript may only be omitted for the 
arithmetic mean. 


In mathematics x is also used for the 
complex conjugate of x; see 2-14.6. 


For real a: 
1ifa>0 

sgna=; Oifa=0 
-1ifa<0 


See also item 2-14.7. 


2-9.14 inf M infimum of Greatest lower bound of a non-empty set 
of numbers bounded from below. 

sup M supremum of @ Smallest upper bound of a non-empty set 
of numbers bounded from above. 


12 


absolute value of a, 
modulus of a, 
magnitude of a 


floor a, 


the greatest integer less than or 
equal to the real number a 


ceil a, 


the least integer greater than or 
equal to the real number a 


integer part of the real number a 


fractional part of the real 
number a 


The notation abs a is also used. 

Absolute value of real number a. 

Modulus of complex number a; see 2-14.4. 
Magnitude of vector a; see 2-17.4. 

See also 2-5.5. 

The notation ent a is also used. 


EXAMPLES 

L2,4]=2 

|-2,4]=-3 

“ceil” is an abbreviation of the word 
“ceiling”. 

EXAMPLES 

[2,4]=3 

[-2,4]=-2 


inta=sgna-LlalJ 
EXAMPLES 

int(2,4) =2 

int(-2,4) =-2 

frac a=a-—inta 
EXAMPLES 

frac(2,4) = 0,4 
frac(—2,4) = -0,4 
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Sign, symbol P ; 
abate borate: Meaning, verbal equivalent Remarks and examples 
expression 


2-9.21 min(a, b) 
(=) 


minimum of a and b 


maximum of a and b 


The operation generalizes to more 
numbers and to sets of numbers. However, 
an infinite set of numbers need not have a 
smallest element. 


The operation generalizes to more 
numbers and to sets of numbers. However, 
an infinite set of numbers need not have a 


(—) 
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10 Combinatorics 


In this clause, n and & are natural numbers, with & < n. 


ign, symbol, 
Sign, sy Meaning, verbal equivalent Remarks and examples 
expression 


factorial 


falling factorial ees lah PA) Ges 0) 


a may be a complex number. 


For a natural number zn: 
n! 


rising factorial 
=a(a+1)-...(a+k—-1) (k>0) 


a =1 
a may be a complex number. 


For a natural number zn: 
is 7 (n+k-—-1)! 
(n—1)! 


(a), is called Pochhammer symbol in 


the theory of special functions. In 
combinatorics and statistics, however, 
the same symbol is often used for the 
()- factorial. 


2-10.4 binomial coefficient 
<k<n) 
(11-6. 16) ~ “Elin —k)! (n— = 


2-10.5 Bernoulli numbers 1 
k 
= a Bon43 = 


2-10.6 number of combinations without 

(11-6.16) repetition (n—k)! 
2-10.7 Rot number of combinations with Rok — i +k—-1 
= repetition n e 


2-10.8 number of variations without | 
repetition y= (n—k)! 
tae term “permutation” is used when 
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11 Functions 


Be: Sign, symbol, Meaning, verbal equivalent Remarks and examples and Remarks and examples 
expression 

2-11.1 hah functions A function assigns to any argument in its 
(11-7.1) domain a unique value in its range. 


value of function ffor argument x |A function having a set of n-tuples as its 
or for argument (x4, ..., x,,); domain is an n-place function. 
respectively 


The function fhas domain 4 and range 
included in B. 


fis the function that maps any T(x) is a defining term denoting the value 
x EA to T(x) of the function ffor the argument x. Since 
A(x) = T(x), the defining term is often used 

as a symbol for the function f 


EXAMPLE f :x+ 3x"y, xe [0;2] 


fis the function (depending on the parameter y) 
defined on the stated interval by the term 3x7) F 


2-11.5 EXAMPLE 
bate x onto y nm —ooSs_» -4 


This notation is used mainly when 
evaluating definite integrals. 


composite function of fand g, (go f)(x) = g(f(x)) 


g circle f In the composite gof , the function g is 


applied after function fhas been applied. 
limit of f(x) as x tends to a Kx) > basx-a 


may be written for lim,_,, fx) =5 


Limits “from the right” (x > a) and “from the 
left” (x < a) are denoted by lim ,_,., fx) 


and lim ,_,, f(x), respectively. 


Aix) is big-O of g(x), The symbol “=” here is used for historical 
reasons and does not have the meaning of 
equality, because transitivity does not 
apply. 

EXAMPLE 


[f(x)/g(x)| is bounded from above 
in the limit implied by the 
context, 


A(x) is of the order comparable 
with or inferior to g(x) sinx =O(x), when x >0 


Aix) is little-o of g(x), The symbol “=” here is used for historical 
reasons and does not have the meaning of 
equality, because transitivity does not 
apply. 

EXAMPLE 


Ax)/g(x) > 0 in the limit implied by 
the context, 


(x) is of the order inferior to g(x) 


cosx =1+0(x), when x0 
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Sign, symbol, 
gn; sy Meaning, verbal equivalent Remarks and examples 
expression 


delta f, Difference of two function values implied 


finite increment of f by the context. 
EXAMPLES 


Ax = Xp — 4 
Af = f (x2)-F (m4) 


derivative of f with respect to x Only to be used for functions of one 
variable. 


a , df(x)/dx, f’(x) and Dfare also 


eo 


If the independent variable is time ¢, ff is 
also used for f’. 


value of the derivative of ffor 
xXx=a 


nth derivative of f with respect to x | Only to be used for functions of one 
variable. 


| d"f(x)/dx", f(x) and D"fare 


also used. 

f’ and f” are also used for f(2) and f°) 
respectively. 

If the independent variable is time ¢, yf is 
also used for f”. 
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Sign, symbol, 
gn; sy Meaning, verbal equivalent Remarks and examples 
expression 


partial derivative of f with respect | Only to be used for functions of several 
variables. 


BOG) IF (x,y, «)/O-x, 

ox 
0, f (x, y, ....) and D, f(x, y, ...) are also 
used. 


The other independent variables may be 


IX 


shown as subscripts, e.g. (+) ; 
y 


This partial-derivative notation is extended 
to derivatives of higher order, e.g. 


Ones. 2(2)| 
jx2 ax ax 
ar _ ala 
dxdy axl dy 


Other notations, e.g. f,, = ; 2%), ar 
x \ oy 


also used. 


2-11.16 df total differential of f 
(11-7.15) 


2-11.18 [7e indefinite integral of f 
(11-7.17) 
definite integral of f from a to b This is the simple case of a function 
defined on an interval. Integration of 
functions defined on more general 


domains may also be defined. Special 


2-11.17 of infinitesimal variation of f 
(11-7.16) 
b 


notations, e.g. ls iF I: f, are used for 
csv 

integration over a curve C, a surface S,a 

three-dimensional domain V, and a closed 

curve or surface, respectively. 


Multiple integrals are also denoted iE fp, 
etc. 


Cauchy principal value of the 

integral of f with f singular 

A lim 5-504 ic Jd + J sy 
(os 

where a<c<b 


Cauchy principal value of the 
integral of f 
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12 Exponential and logarithmic functions 


Complex arguments can be used, in particular for the base e. 


ign, symbol : ; 
Sign, sy eas Meaning, verbal equivalent Remarks and examples 
expression 

n 


base of natural logarithm 1 
e:=lim, 5. (142) = 2,718 281 8... 
n 


a to the power of x, See also 2-9.9. 


exponential function to the base a 
of argument x 


e to the power of x, See 2-14.5. 
exponential function to the base e 
of argument x 


In x = log, x 


log x shall not be used in place of In x, lg x, 
Ib x, or log, x, 10g49 x, logs x. 


Ig x decimal logarithm of x, Ig x =logy9x 
-6) common logarithm of x See remark to 2-12.5. 
Ib x binary logarithm of x Ib x = logs x 


See remark to 2-12.5. 
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13 Circular and hyperbolic functions 


Kae Sign, symbol, Meaning, verbal equivalent | Remarks and examples and | Remarks and examples 
expression 

2-13.1 ratio of the circumference of a t= 3,141 592 6.. 

(11-9.1) circle to its diameter 


sin x sine of x Qi _ 
sin x = ———_, 
2i 
sin x =x — x9/3! +. x5/5! —... 
(sin x)”, (cos x)”, etc., are often written 
sin” x, cos” x, etc. 


2-13.3 COs x cosine of x cos x = sin(x + 1/2) 
(11-9.3) 

2-13.4 tan x tangent of x tan x = sin x/cos x 
(11-9.4) tg x should not be used. 
2-13.5 cot x cotangent of x cot x = 1/tan x 

(11-9.5) ctg x should not be used. 
2-13.6 sec x secant of x sec x = 1/cos x 

(11-9.6) 

2-13.7 CSC x cosecant of x csc x = 1/sin x 

(11-9.7) cosec x is also used. 


arcsin x arc sine of x y=aresinx @x=siny, 
—W2<y<n2 
The function arcsin is the inverse of the 
function sin with the restriction mentioned 
above. 

arccos x arc cosine of x y=arccosx @x=cosy,0O<y<n 
The function arccos is the inverse of the 
function cos with the restriction mentioned 
above. 

arctan x arc tangent of x y=arctanx ox=tany, 
—W2<y</2 
The function arctan is the inverse of the 
function tan with the restriction mentioned 
above. 
arctg x should not be used. 

arccot x arc cotangent of x y=arccotx =x=coty,O<y<n 
The function arccot is the inverse of the 
function cot with the restriction mentioned 
above. 
arcctg x should not be used. 

arcsec x arc secant of x y=arcsec x @x=SECy, 
O<y<n,yF¥n2 
The function arcsec is the inverse of the 
function sec with the restriction mentioned 
above. 
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Sign, symbol, 
gn; sy Meaning, verbal equivalent Remarks and examples 
expression 


2-13.15 cosh x hyperbolic cosine of x 
2-13.16 tanh x hyperbolic tangent of x 
(a 


20 


arccsc x arc cosecant of x 


hyperbolic sine of x 


hyperbolic cotangent of x 


arsinh x inverse hyperbolic sine of x, 


area hyperbolic sine of x 


arcosh x inverse hyperbolic cosine of x, 
area hyperbolic cosine of x 

artanh x inverse hyperbolic tangent of x, 
area hyperbolic tangent of x 


arcoth x inverse hyperbolic cotangent of x, 
area hyperbolic cotangent of x 


arsech x inverse hyperbolic secant of x, 
area hyperbolic secant of x 

arcsch x inverse hyperbolic cosecant of x, 
area hyperbolic cosecant of x 


y=arccsc x @x=CSCy, 
—W2 <y <2, y#0 
The function arccsc is the inverse of the 


function csc with the restriction mentioned 
above. 


arccosec x should be avoided. 
= e* 
2 


sinh x=x+x3/3! 4+... 
sh x should be avoided. 


x 
; e 
sinhx = 


cosh? x = sinh? x + 1 

ch x should be avoided. 
tanh x = sinh x/cosh x 
th x should be avoided. 


coth x = 1/tanh x 


7 13. e sech x hyperbolic secant of x sech x = 1/cosh x 
hei —— 
13. o csch x hyperbolic cosecant of x csch x = 1/sinh x 
fray [NT cota 


y=arsinhx @x=sinhy 

The function arsinh is the inverse of the 
function sinh. 

arsh x should be avoided. 


y=arcoshx @x=coshy,y >0 

The function arcosh is the inverse of the 
function cosh with the restriction mentioned 
above. 


arch x should be avoided. 


y=artanhx @x=tanhy 

The function artanh is the inverse of the 
function tanh. 

arth x should be avoided. 


y=arcoth x =x=cothy, y#0 

The function arcoth is the inverse of the 
function coth with the restriction mentioned 
above. 

y=arsechx<x=sechy, y >0 

The function arsech is the inverse of the 
function sech with the restriction mentioned 
above. 

y=arceschx = x=cschy,y >0 

The function arcsch is the inverse of the 


function csch with the restriction mentioned 
above. 


arcosech x should be avoided. 
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14 Complex numbers 


ign, symbol P : 
Sign, sy mer Meaning, verbal equivalent Remarks and examples 
expression 


imaginary unit i2 = j2=-1 


i is used in mathematics and in physics, 
j is used in electrotechnology. 


Re z real part of z z=xt+iy 
where x and y are real numbers. 
2-14.3 Im z imaginary part of z See 2-14.2. 
fey | Pomme 


[Z| modulus of z ee (2+ 
where x = Rez and y=Imz. 
See also 2-9.16. 
arg z argument of z z=reg 
where 
r=|z| and g=argz,-u<o<t 
i.e. Rez=rcos gandlmz=rsin @. 
2-14.6 complex conjugate of z Zz is mainly used in mothepaues, 
Ez a Men 
sgn z signum z sgn z=z/|z| = exp(i arg z) (z #0) 
sgn z=0 forz=0 
See also item 2-9.13. 
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15 Matrices 


Matrices are usually written with boldface italic capital letters and their elements with thin italic lower case 
letters, but other typefaces may also be used. 


ign, symbol, 
Sign, sy Meaning, verbal equivalent Remarks and examples 
expression 


matrix A of type m by n A is the matrix with the elements aij = 


m is the number of rows and n is the 
number of columns. 
A = (a;,;) is also used. 


Square brackets are also used instead of 
parentheses. 


sum of matrices A and B (A + B);;= (A); + (B); 


if ij 
The matrices A and B must have the same 
number of columns and rows. 


product of matrices A and B (AB),, = > (A), (B) x 
j 


The number of columns of A must be equal 
to the number of rows of B. 


2-15.5 unit matrix A square matrix for which (E);, = 6;;. 
(11-11.3) See 2-17.9. 
inverse of a square matrix A AA'1=A1A=E 


A)in= ioe 


complex conjugate matrix of A 


‘Ais used in mathematics, A* in physics 
and electrotechnology. 


Hermitian conjugate matrix of A | 4H=(4)T 
The term “adjoint matrix” is also used. 
A* and A* are also used for AH, 


determinant of a square matrix A 


rank A rank of matrix A The rank of matrix A is the number of the 
linearly independent rows of A. It is also 
equal to the number of linearly independent 
columns. 


22 © ISO 2009 - All rights reserved 


BS ISO 80000-2:2009 
ISO 80000-2:2009(E) 


tem no | Sign, symbol, Meaning, verbal equivalent Remarks and examples 
expression 

2-15.12 tr A trace of a square matrix A trA= YADii 

(11-11.9) : 


2-15.13 norm of matrix A 
(11-11.10) 


The norm of matrix A is a number 
characterizing this matrix and undergoing 
the triangle inequality: 

if 4+ B=C, then 

Al] + [BI] > ICI. 


Different matrix norms are used. 
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16 Coordinate systems 


Coordi- Position vector and its Naiieat coordinates 
nates differential 


r=xe, + ye, + ze, Cartesian coordinates 


dr = dx e, + dy e, + dz e, 


r=pe,+ze, cylindrical coordinates 


dr = dpe, +pdge,t dz e, 


r=re spherical coordinates 


i 
dr= 
dre,+rdve,+rsinvdg e, 


X4, X9, X3 for the coordinates 
and e,, 5, e3 for the base 
vectors are also used. This 
notation easily generalizes to 
n-dimensional space. 


e,, &,, e, form an orthonormal 
right-handed system. See 
Figures 1 and 4. 


For the base vectors, 
i, j, k are also used. 


e9); ef), e, form an 
orthonormal right-handed 
system. See Figure 2. 


lf z=0, then p and gare the 
polar coordinates. 


€(0,Q), ef. P), ef) form 
an orthonormal right-handed 
system. See Figure 3. 


NOTE _ If, exceptionally, instead of a right-handed system (see Figure 4), a left-handed system (see Figure 5) is used for 


certain purposes, this shall be clearly stated to avoid the risk of sign errors. 


24 
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Figure 2 — Right-handed cylindrical coordinate 


Figure 1 — Right-handed Cartesian coordinate 
system 


system 


QP 


Figure 3 — Right-handed spherical coordinate system 


Zh Zz 
O O 
y x 
te a 
x BA 
The x-axis is pointing towards the viewer. The y-axis is pointing towards the viewer. 
Figure 4 — Right-handed coordinate system Figure 5 — Left-handed coordinate system 
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17 Scalars, vectors and tensors 


Scalars, vectors and tensors are mathematical objects that can be used to denote certain physical quantities 
and their values. They are as such independent of the particular choice of a coordinate system, whereas each 
component of a vector or a tensor and each component vector and component tensor depend on that choice. 


It is important to distinguish between the components of a vector a with respect to some base vectors, i.e. the 
quantity values a,, a, and a,, and the “component vectors’, i.e. a,e,, ae, and a,e,. Care should be taken not to 


confuse components of a vector and component vectors. Components of a vector are often called coordinates 
of a vector. 


The Cartesian components of the position vector are equal to the Cartesian coordinates of the point given by 
the vector. 


Instead of treating each component as a physical quantity value (i.e. a numerical value multiplied by a unit), 
the vector could be written as a numerical value vector multiplied by a unit. All units are scalars. 


EXAMPLE 
F=(3N, -2N, 5N) =(3, —2, 5) N (in Cartesian coordinates) 


where 
F is a force; 
3N is the first component, e.g. F, of the vector F with numerical value 3 and unit N (the other components 


being —2 N and 5N); 


(3, —2, 5) is anumerical value vector and N the unit. 
The same considerations apply to tensors of second and higher orders. 
In this clause, only Cartesian (orthonormal) coordinates in ordinary space are considered. The more general 
cases requiring covariant and contravariant representations are not treated here. The Cartesian coordinates 
are denoted either by x, y, z or by x4, x9, x3. In the latter case, subscripts ij, j, k, 1, each ranging from 1 to 3, are 
used, and the following summation convention is often used: 


if such a subscript appears twice in a term, summation over the range of this subscript is understood, and 
the sign & may be omitted. 


A scalar is a tensor of zero order and a vector is a tensor of the first order. 


Vectors and tensors are often represented by general symbols for their components, e.g. a; for a vector, a for 
a tensor of the second order, and a,b; for a dyadic product. 


The abbreviation “cycl”’ stands for cyclic permutation of the components and the subscripts. Instead of writing 
three similar component equations, it is enough to write only one and the two others follow from cycl, cycl. 
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tem no Sign, symbel; Meaning, verbal equivalent Remarks and examples 
expression 
vector a An arrow above the letter symbol can be 

used instead of bold face type to indicate a 
vector. 

2-17.2 sum of vectors a and b (a+ b),=a,+b, 

. = 3 product of a number, scalar, or (xa); = xa; 

component x and vector a 

|a| = 


magnitude of the vector a, eres 


|| a || is also used. 
See also 2-9.16. 


tear ii 


unit vector in the direction of a 


2-17.7 unit vectors in the directions of i, j, k are also used. 
(11-13.4) the Cartesian coordinate axes 
€4, €9 &3 


Cartesian coordinates of vector a, |a =a, e,. + dy &y + a, e, 


norm of the vector a 


GF, 
Cartesian components of vector a |a, e, etc., are the component vectors. If it is 

clear from the context which are the base 
vectors, the vector can be written 
a= (a,, 1 Ay, a,). 
a, =are,, cycl, cycl 
r=xe,+ye,,+ze, is the position vector 
(radius vector) of the point with coordinates 


x,y, Z. 


Levi-Civita symbol £493 = £931 = €342 =1 


€439 = €301 = €213 =—1 


All other €,., are equal to 0. 


ijk 
scalar product of a and b a-b=a,b, + ab, + ab, 


a-b= Yah; 
i 


a-a=a’=|a\2 =a? 
In special fields, (a, b) is also used. 


vector product of a and b The coordinates, in a right-handed 
Cartesian eae system, are 
(a x b),. = a,b, — a,b, cycl, cycl. 


(a x b); = Lda iby. 


See 2-17.10. 
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Sign, symbol, 
g y Meaning, verbal equivalent Remarks and examples 
expression 


nabla operator 


Vo gradient of g 

grad 9 i i 
Writing the operator grad in thin face 
should be avoided. 


2-17.15 divergence of a 
(11-13.10) 


L 
2-17.16 V xa rotation of a The coordinates are 
z da 
(1-13.11) |rot a (V xa),= LS ET ee 
“oy oz 
The operator curl and thin face rot shall be 
avoided. 
(V xa); Lhe 
See 2-17.10. 


2-17.17 Laplacian 
(11-13.12) 
A 


2-17.18 D'Alembertian 
(11-13.13) 


Two arrows above the letter symbol can be 
(11-13.14) used instead of bold face sans serif type to 
; indicate a tensor of the second order. 


Doge Typ ss Cartesian coordinates of T=T,,¢,€, + Tyee, + ...+ T,,¢,e,, are the 


XX XTX xXx y ZZZe Zs 
(DIAGADY | Pee Te sce, tensor T, component tensors. 
Cartesian components of 
tensor T 


If it is clear from the context which are the 
base vectors, the tensor can be written 
T.. T., T. 


xx xy XZ 


T= Ly Ty Ty 


y (eaemeey Germ & 


2x zy ZZ 


2-17.21 dyadic product, tensor of the second order with coordinates 


(11-13. 16) tensor product of two vectors a (ab); = ajb; 
and b 


2-17.22 TS tensor product of two tensors T _ | tensor of the fourth order with coordinates 
(11-13.17) and S of the second order (T®S) 4, = Ty Si 
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Sign, symbol P ‘ 
abate Abarat Meaning, verbal equivalent Remarks and examples 
expression 


2-17.23 inner product of two tensors T 
(11-13.18) and S of the second order 


tensor of the second order with coordinates 


(TS); = STS ik 
J 


2-17.24 inner product of a tensor T of the | vector with coordinates 
(11-13.19) second order and a vector a (T-a), = YT ja; 
J 


2-17.25 scalar product of two tensors T scalar quantity 
(11-13.20) and S of the second order T:S= YY FSi 
ij 
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18 Transforms 


ign, symbol, 
Sign, sy Meaning, verbal equivalent Remarks and examples 
expression 


Fourier transform of f 


Laplace transform of f 


Z transform of (a,,) 


Heaviside function, 
unit step function 


Dirac delta distribution, 


Dirac delta function 


convolution of fand g 


30 


y= fe Ge 
This is often denoted by F(a). 


(Fo Te je eo F(t) 


is also used. 
(Lf)(s) = 


This is often denoted by 2 (s). 


The two-sided Laplace transform is also 
used, defined by the same formula, but 
with minus infinity instead of zero. 


= ae (z € C) 
n=0 


3 is an operator operating on a sequence 


(a,,) and not a function of a,,. 


The two-sided Z transform is also used, 
defined by the same formula, but with 
minus infinity instead of zero. 


1 forx >0 
HO)= forx <0 


U(x) is also used. 


2 (t) is used for the unit step function of 
time. 


EXAMPLE = (LH)(s) = 1/s (Re s > 0) 


oo 


J o0)8(0— x)ae = oC) 


H’=8 
The name unit pulse is also used. 


EXAMPLE Ld=1 


See also 2-18.6 and IEC 60027-6:2006, 
item 2.01. 
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19 Special functions 


The conventions used in this clause are: a, b, c, z, w, v are complex numbers, x is a real number, and &, /, m, n, 
are natural numbers. 


oe Sign, symbol, Meaning, verbal equivalent Remarks and examples 
expression 
2-19.1 Euler constant 1 
= lim —-Inn |=0,577 2156... 
is n— co >, is 


2-19.2 gamma function T(z) is ameromorphic function with poles 
(11-14.19) at 0, -1, -2, -3, ... 


T(z)= [etetar (Re z>0) 
0 


(n EN) 


2-19.3 Riemann zeta function C(z) is a meromorphic function 
(11-14.23) with one pole at z =1. 


2-19.4 : beta function 


(11-14.20) w= [ee *1-2)""a0 
0 
(Re z>0, Re w>0) 


B(z,w)=T(z) P(w)/T(z+ w) 


1 
(n+1) B(k+4,n-k+1) | 


2-19.5 exponential integral a 
(11-14.21) Eix = f ett 


For fF see 2-11.20. 


logarithmic integral 


For f see 2-11.20. 


sine integral 
sin t 
— dt 
t 


siz=| 
0 


siz=— 5 + Siz is called the 


complementary sine integral. 
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Sign, symbol, 
gn, sy Meaning, verbal equivalent Remarks and examples 
expression 


Fresnel integrals 


2-19.9 error function 
(11-14.22) 


erfc x = 1 — erf x is called the 
complementary error function. 


In statistics, the distribution function 


x 
2 
(x) = = fe" '2 dr is used. 


2n 5 


2-19.10 incomplete elliptic integral of the Q ae 
(11-14.16) first kind F(9,k)= (= 
0 \V1-k*sin~ o 

K(k) = F(1/2, k) is the complete elliptic 
integral of the first kind (here O<k <1, 
k ER). 

incomplete elliptic integral of the Q 
(11-14.17) second kind E(¢, k) =| 1-ksin2a do 

) 


E(k) = eZ | is the complete elliptic 
integral of the second kind (here O<k< 1, 
k ER). 


incomplete elliptic integral of the I(x, 2, k)= 


third kind 
11-14.18 
( ) 2 de 


J (14 sin? 3)V1— Kk? sin? 0 


II (a, k) = n{», a | is the complete 


elliptic integral of the third kind (here 
0<k<1,n,k © R). 
2-19.13 fe hypergeometric functions 
(11-14.14) 


For (a),,, (6), an 


Solutions of 
2(1-z)y”+[c-(a+b+1)z]y’ — aby =0 
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Sign, symbol, 
g y Meaning, verbal equivalent Remarks and examples 
expression 
(a; C; z) 


2-19.14 confluent hypergeometric 
(11- 14. 15) functions 
For (a), and (c),,, see 2-10.3. 
Solutions of zy”+(c-—z)y’-ay =0 
Legendre polynomials 1 i 
P, (z)= ———_(z? -1} 
2-n! dz 
Solutions of 
(1- 7 )y"’-2zy’+n(n+1)y = 


associated Legendre functions 


Solutions of 


(1-27) y"—2zy’ + ho +4)= 


The factor (-1)" follows from the general 
theory of spherical functions. 
2-19.17 m spherical harmonics Yi" (23, g) = 
(11-14.10) 2 
(2141) (/-|m])! 
| ae co xP"! (cos 27) elmo 
(L|m| ©N; |m|</) 
Solutions of 
2 
a 2 (sin a tee + 
sin’ av 00) sin? 0 dg" 


Hermite polynomials 
(11-14.11) 


Solutions of 
y” —2zy'+2ny =0 
Laguerre polynomials ca 
NA-Z 
(11-14.12) an 7 © 


associated Laguerre polynomials 
m — 
(11-14.13) bn 2) = 


Solutions of 
zy’ +(m+1-z)y'+(n-m)y = 
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Sign, symbol, 
gn; sy Meaning, verbal equivalent Remarks and examples 
expression 


Chebyshev polynomials of the = cos( n arccos z) (n € N) 


first kind 
Solutions of (1-27 \y"-zy’+n 2y=0 


Chebyshev polynomials of the sin[ (n + 1)arccos Z| 
second kind U,,(z) = 


sin(arccos z) 
Solutions of 
(1-27)y"—3zy’+n(n+2)y =0 


Bessel functions, ‘ co ay (z/2v*2* 


cylindrical functions of the first Jy (2) kIV(v +k +1) 
kind ee 
Solutions of 
zy" + zy’ +(z* -v*)y =0 


N functions, = 
eumann functions NG eet J_y(z) 


ae (v EC) 
cylindrical functions of the second 


kind 


sin(vr) 
The right-hand side of this equation is 
replaced by its limiting value if v € Z. 
Y,(z) is also used. 

Hankel functions, 


cylindrical functions of the third 
kind 


modified Bessel functions 


Solutions of 


zy" + zy’ —( 2 


Z +V 


spherical Bessel functions 


4 
oe p Jj.y2(Z) 


Solutions of 
zy" + Qzy'+ bz —I(1+ 1) |» = 


spherical Neumann functions 


ni(2)=(E}? Nesyalz) 


y,(z) is also used. 
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= Sign, symbol, Meaning, verbal equivalent Remarks and examples 
expression 
Mz 


spherical Hankel functions 


Modified spherical Bessel functions 
(analogous to 2-19.26) can be defined and 


are denoted by i,(z) and k,(z) 
respectively. 


2-19.30 Ai(z) Airy functions Ate) = 3,5 || it ) 


3 


aie) = | 009 a mG) 


where w=8z 3/2 | 


(—) Bi(z) 


Entire solutions of y”—zy =0 
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Annex A 
(normative) 


Clarification of the symbols used 


ISO/IEC 10646 provides names of all symbols, together with a variety of encodings to be used when these 
symbols or letters are present in machine communication. The main purpose of ISO/IEC 10646 is to provide 
unambiguous identification of a letter or symbol. It is beyond the scope of ISO 80000-2 to describe fully the 
facilities and concepts of ISO/IEC 10646. 


The Unicode Consortium has published an equivalent specification [3]. However, the Unicode Consortium 


specification [$3] also adds properties of characters (such as whether they are digits, or upper/lower case 
equivalents, etc). These properties are not important to this International Standard. 


For the purposes of the following tables, both ISO/IEC 10646 and Reference [3] give identical specifications, 
commonly referred to as “Unicode characters’. 


ISO/IEC 10646 and Unicode were developed as an extension of the alphabet covered by what is known as 
“ASCII” (Basic Latin). There are a number of possible encodings of the symbols and characters, of which the 
most popular are a fixed 32-bit encoding, a fixed 16-bit encoding — not all characters — and a so-called UTF-8 
encoding that is of variable length, but results in ASCII characters encoding in a single octet. 


It is unfortunately the case that many symbols (such as LATIN SMALL LETTER V and GREEK SMALL 
LETTER NU) have almost identical glyphs in most (but not all) publication fonts. 


This normative annex is provided to clarify precisely the symbol that is used in the body of ISO 80000-2, 
irrespective of the font used. 


Table A.1 has four columns. 


— The first column gives the row reference to the item in the body of ISO 80000-2 in which the symbol is 
used. (Heading: “Item No.”.) 


— The second column repeats the symbol in the same font, position, format and size that is used in the 
body of ISO 80000-2. (Heading: “Sign, symbol”.) 


— The third column gives the name allocated in ISO/IEC 10646 and Unicode [°! (they are identical). 
Examples are “N-ARY PRODUCT” (as opposed to “GREEK CAPITAL PI”) or “N-ARY SUMMATION” (as 
opposed to “GREEK CAPITAL SIGMA’). [Heading: “Name of symbol (see ISO/IEC 10646)”.] It is 
recognized that some of the names in ISO/IEC 10646 are not consistent with current practice and use of 
the associated symbol and, in particular, differ from the usage in ISO 80000-2. 


— The fourth column gives (for easy reference and further clarification) the 16-bit hexadecimal code 
assigned to the symbol by both ISO/IEC 10646 and Reference [3]. UTF-8 (a variable length encoding, 
which is only one octet for characters in the ASCII character set) and 32-bit encodings — and others — are 
also possible. [Heading: “Hexadecimal value of symbol (see ISO/IEC 10646)”.] 


NOTE In other parts of the ISO 80000 and IEC 80000 series, the “style” (upright or italic, not bold or bold, or bold 
italic) also has semantic significance, and has to be adhered to. However, in ISO 80000-2, all symbols are upright, and 
there is no column in the following table for such information. 


There is additional information on symbols for use in mathematics in Reference [4]. 
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Table A.1 


[tonne | sy | gator | metGone eg 
symbol (see ISO/IEC 10646) (See ISO/IEC 10646) 

[eas | = fierraeurooustearnow [aoe Ci 
Pasa [1 vermoaune——SSSC=*iSC‘“‘CSSCOC*‘*d’ 
[ess | 1 verroaune——SSCSC~—“‘~dSC“‘“‘sOSC*‘*d 
[ese | @lewrvserSSCSC~wSC<“=*‘“‘*stSC*C“‘*d 
[268 |e fooume-staucccarmae «fai 
Pars [= feoaissen ——SSC«dSCSCitSSCSC*d 
[ars [= _fooonequas ———SS—~—~—SC“‘“‘*~sCSC*‘*d 
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Table A.1 (continued) 


ee ee 
symbol (see ISO/IEC 10646) (See ISO/IEC 10646) 

[arr [= _[pRoromnonato iY 
Dare [= [wewny dC 
Der [1 owes SSSCSC~dSC“‘~*~stSCSCSCSCS 
Tare [= oenncato iS 


MATHEMATICAL RIGHT ANGLE 


[ees [0 pamaetoOSC~dSC“‘“‘CS 
Dees [woe SOSC~—~—SSCi 
[ass [ + fewssenSCS~dCOSCSCSCt 
pes2 | smussnSC~dCOSCSCt 
p zc [= fmuspussien Ya 
[2ss | _[oororeraror SiC 
Pees [x _|wumpucanionsien | ato 
p2s8 |) fsouus SS SC~dYCOSCSCt 
pze7 [= |Narvsunmaion a 
[ese [nm _|warverooucr | 
Pasi [Vv [sauaenoot | 


MATHEMATICAL RIGHT ANGLE 


2-9.16 VERTICAL LINE 007C 


x 
+ 
=e 
x 
/ 
>» 
I] 
zy 

) 
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Table A.1 (continued) 


jtomno. | soo | geatoneracy | eneiGone est 
symbol (see ISO/IEC 10646) (See ISO/IEC 10646) 

Den7 [> |rncoreraton Si SCS 
Pas [a |norevent—SSSC~dSC‘“‘C*éOOCSC*‘*d’ 
Dosis | 2 [paemacorrenenma SSC 
Ponte [a fiarmewartertero Sif SSC SCS 
Dorn [8 |GREEKSWALLUETTERDELTA | _——ioma—S—* 
Posse | a founracemresea SiS 


Petizo | = [rwerarriecrar ak 
Pears: | - Joororerator——SSSC*dSCi“‘“‘CSCSCSCSC*d 
Pass [vu SCSC~—‘~sdS*~“‘*SstSC‘C*” 
Desa [a |norevent———SSSC~iSC“‘C™CCOCSC*C*d 
Pearse [a |wamesouareSSC~dYSSC TCS 
Daa [0 jorcieoTmes——SSCSC~=~“‘“dtSC*‘“‘CNSC*d’ 
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